This paper is concerned with the vibration and stability analysis of thick rectangular plates resting on elastic foundation, which is distributed over the particular area of the plate. A twoparameter (Pasternak) model is considered to describe the elastic foundation. The eigenvalue problem in 3-D domain is numerically solved by a combination of the finite element and differential quadrature method (DQM). The energy principle is employed to derive the governing equations in the framework of three-dimensional, linear and small strain theory of elasticity. The in-plane domain of the problem is discretized using two-dimensional finite elements and spatial derivatives of equations in the thickness direction are discretized in strongform using DQM. As a first endeavor, the mixed FE-DQ method has been employed for 3-D buckling and free vibration analysis of rectangular thick plates partially supported by an elastic foundation. The accuracy of obtained results is validated by comparing to the few analytical solutions in the literature.
Introduction
The vibration of plates resting on elastic foundations, which has practical applications in civil, mechanical, marine and aerospace engineering, has been investigated extensively. In addition, various analytical and numerical methods have been employed to study this problem. Generally, a lot of engineering problems can be modeled as thick plates on elastic foundations such as footings and raft foundations of variety of structures, pavement of roads and bases of heavy machines. It should be noted that, the mechanical behavior of elastic foundations was widely discussed by Winkler (1867) and Pasternak (1954) (as a two-parameter model). Different two-dimensional and three-dimensional theories by numerical or analytical methods can be used to analyze the plates on elastic foundations. The two-dimensional plate theories including classical plate theory (CPT), the first order shear 202 deformation plate theory (FSDT) and the higher order shear deformation plate theories (HSDT) are commonly used for the analysis of plates. The classical plate theory (Timoshenko and WoinowskyKrieger, 1970) assumes that the straight lines, initially normal to the mid-plane, remain straight and normal to the mid-plane during the deformation (known as Kirchhoff hypotheses). This means that the vertical shear strains are negligible. The thin plate theories are assumed in which the reaction forces of elastic foundation are acting on middle surface of plates (Leissa, 1973) , whereas in thick plate analysis, the effects of elastic foundation on the upper and lower surfaces of the plates are obviously different. In first-order shear deformation theory, a constant shear strain distribution is considered through the thickness of the plates (Mindlin, 1951) . A correction factor is then introduced to reduce the errors resulting from this hypothesis. The higher-order shear deformation theory is then proposed to represent better the shear stress distribution along the thickness direction. It should be mentioned that the inherent deficiency is unavoidable in these approximate theories because the transverse normal stress is not considered (Lim, 1999) .
Despite the 2-D analysis, a three dimensional analysis does not rely on any assumption about kinematics of deformation of a plate. Consequently, such analyses not only provide more realistic results but also reveal physical characteristics which cannot otherwise be predicted by 2-D analysis. Takahashi and Sonoda (1992) presented results for buckling and free vibration of thin plates on elastic foundation. The free vibration and buckling analysis of rectangular Mindlin plate on elastic foundation with simply supported boundary condition was performed by Xiang et al. (1994) . The finite element method was employed by Omurag et al. (1997) for free vibration analysis of thin plates on elastic foundation. Lam et al. (2000) used Green functions to study the bending, buckling and free vibration of Levy plates on elastic foundation. The higher-order shear deformation theory using power expanded series was used by Matsunaga (2000) , for three-dimensional analyses of thick plates on elastic foundation. Thereafter, the vibration behavior of rectangular Mindlin plates resting on nonhomogenous elastic foundation was studied in detail (Xiang, 2003) .
The Ritz method was used by Zhou et al. (2004) for free vibration analysis of thick rectangular plates based on three-dimensional theory of elasticity. The partially supported assumption regarding free vibration analysis of thin rectangular plates has been suggested by Motaghian et al. (2012) . Lately, in analyzing of thin plates resting on elastic foundation, the innovative superposition method base on Hamiltonian system has been presented by Pana et al. (2013) . The refined shear deformation theory has been proposed by Thai et.al (2013) for bending, buckling, and vibration of plates on elastic foundation. This theory is based on assumption that the in-plane and transverse displacements consist of bending and shear components. This theory does not require shear correction factor and has strong similarities with CPT in some aspects. Use of shear forces instead of rotational displacements has been suggested by Thai and Choi (2014) as zeroth-order shear deformation theory for bending and vibration analyses of functionally graded plates resting on elastic foundation. Samaei et al. (2015) derived an explicit solution for obtaining the natural frequencies of the graphene sheet embedded in elastic medium using nonlocal Mindlin plate theory. The finite element method was used by Vimal et al. (2014) to study the free vibration analysis of functionally graded skew plates. Initially, Bellman et al. (1972) proposed the DQ method as a simple and rapid solution method to solve nonlinear partial differential equations. The Generalized Differential Quadrature (GDQ) method was implemented to analyze some structural problems by Du et al. (1994) . Thereafter, the GDQ method has been widely used to carry out three-dimensional analyses of rectangular plates (Liew, 1998 , 1999 . Recently, The Differential Quadrature Method (DQM) has been used for free vibration analysis of nonhomogeneous orthotropic rectangular plate resting on elastic foundation (Gupta et al., 2016) . Previously, the FE-DQ method has been used to analyze the free vibration and buckling of thick plates (Dehghan and Baradaran, 2011) .
Observation from the literature listed above and to the best of author's knowledge indicates that, the 3-D buckling and free vibration analysis of thick rectangular plates partially resting on an elastic foundation is scarce. Lack of an efficient numerical method for analyzing the partially supported plates is the shortcoming which seems to be existed. So, in this paper a vigorous mixed method is introduced which benefits the ability of FEM in modeling of complicated geometry and boundary conditions and at the same time gains the simplicity and accuracy of DQM. The Finite Element Method (FEM) is a well-established numerical method which has been applied to boundary value problems in different fields of engineering and applied sciences. In spite of its numerous advantages, there are some drawbacks associated with the application of conventional FEM for plate analyses. The shear locking phenomenon is the main drawback of conventional FE method in 2-D analysis of plates. Although, the shear locking phenomenon does not appear in 3-D analyses, the building of a 3-D mesh of 3-D elements with suitable aspect ratio to obtain efficiently a 3-D solution of thick plates is not a trivial task. In this article, a coupled FE-DQ method is proposed for 3-D analysis of thick rectangular plates resting on elastic foundations, with various boundary conditions.
In section 2, the basic features of the DQ method are illustrated and recessive relations for approximation of a function and its derivatives in a problem domain are introduced. In part 3 the Hamilton's principle is used to derive the required equations to solve buckling and free vibration of thick plates on elastic foundations based on the mixed FE-DQ method. Finally, in section 4, the accuracy and convergence of the results obtained for different geometry and boundary conditions of rectangular plates are discussed.
DQ Method
The DQ method has two major features. Firstly, the method approximates a function on the global area using higher-order polynomials. Secondly, this method directly approximates the derivatives of a function at a point in terms of function values alone. In this method the spatial derivatives of functions are approximated by using some series including the weighting coefficients and the function values at all grid points in the solution domain of that spatial variable. This can be illustrated by considering a one-dimensional function. According to the method, the mth derivative of a function   , u z t can be approximated by: A in the previous equation is weighting coefficients at ith points of solution domain. According to the DQ method, the weighting coefficients can be obtained using the following recurrence formula (Du, 1994) :
In which the following relationship exists:
In the next section, the applications of DQ method for 3-D analysis of plates and its combination by FE method have been extensively discussed.
FE-DQ Formulation for Three-Dimensional Elasticity

1 Equations of Motion
Consider a thick rectangular isotropic plate with length a, width b and height h as shown in Fig. 1 , which is subjected to different loadings with various boundary conditions in the Cartesian coordinates. A mixed FE-DQ method has been proposed for the three-dimensional solution of buckling and free vibration of such plates. The solution procedure and the required equations for these cases are discussed in the following sections. In order to derive the equations of motion of a plate with assumed boundary conditions for the free vibration and buckling analysis, use is made of the Hamilton's principle, which can be expressed as:
In this article, for 3-D vibration analysis of the plate, both in-plane and out-of-plane inertia of the plate are considered. Therefore, the kinetic energy of the plate becomes:
where the over dot indicates partial differentiation with respect to time. The strain energy of the plate and the potential energy of elastic foundation are 
where 1 k and 2 k are Winkler and shearing layer elastic coefficients of foundation respectively. The potential energy of the applied in-plane stresses is 2 2 2 2 2 2 1 2
As shown in Fig. 2 , x P an y P represent the applied stresses along the x and y-axis, respectively. In this expression the terms in the bracket represent the in-plane and the out-of-plane destabilizing influence of the applied stresses (Dehghan & Baradaran, 2011) , (Ventsel, 2001 ). Substituting Eqs. (8-11) into Eq. (7) yields the following integral equation.
The constitutive relations for an isotropic body in three-dimensional elasticity can be written as, 
where 
Fig. 2. Geometry and loading condition of plate
As shown in Fig. 3 the problem domain in the x -y plane is divided into a set of Ne rectangular quadratic elements. The variational statement of equations require that in each element both in-plane and transverse displacement be only once differentiable and hence 0 C -continuous. The displacement components are approximated by the following interpolations, : 
The related boundary conditions at the lower and upper surface of the plate ( 0, z h  ) for the above equations are also obtained as 
As mentioned previously, the FE-approximation can be used as an appropriate method to calculate these integrations.
Fig. 3. FE quadratic elements with DQ discretization
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2 DQ Discretization
At this stage, the DQ method has been used to discretize the resulting system of equations in the thickness direction (along the z-axis). According to the method, at each quadratic element node a set of z N grid points is used to discretize the domain in the thickness direction. By using Eq. (2-6), the 
Eq. (17):
Eq. (18): 
As shown earlier, the resulting system of equations is divided into the domain-type and the boundary -type equations. In order to provide a unified program for the analysis, the degrees of freedom should also be separated to domain and boundary type degrees of freedom. Therefore, the degrees of freedom in the solution domain can be separately given by:
where,
. Based on the aforementioned division for degrees of freedom, the equations of motion and the related boundary conditions can be expressed in the matrix form as:
By eliminating the boundary degrees of freedom from Eq. (29) using Eq. (30), we have
where
The parameter P in the equations refers to the resultant of buckling loads x P and y P which are considered along the x-and y-axis, respectively. For the free vibration and buckling analysis, the following harmonic solution should be inserted in the equations: 
The second terms indicates the influence of the applied in-plane loads on the free vibration of the plates. The critical buckling load Pcr is regarded as the in-plane load P associated with the zero natural frequency. Consequently, by eliminating the term containing the frequency parameter (the last term), we can arrive at the eigenvalue equation for the buckling analysis as,
3 Defining the Boundary Conditions
The boundary conditions at the top (z=h) and the bottom (z=0) surfaces of the plate are exactly satisfied in Eq. (25-27 
Numerical Results and Discussion
In this section, several numerical examples have been presented to illustrate the efficiency and accuracy of the proposed method in 3-D analysis of thick rectangular plates with various boundary conditions. Numerical examples are presented in two parts in the following subsections. The numerical examples in the first section are those for which solution results with other solution methods are available in the literature; therefore, the comparisons of the results reveal the validity and accuracy of the proposed FE-DQ method. In the second part, some numerical examples including uniaxial and biaxial buckling, and free vibration analysis are carried out through FE-DQ method and the results of these numerical examples are presented. In an attempt to present the results in a better way, four nondimensional parameters are defined:
where,  and  are non-dimensional frequency and non-dimensional buckling load in the x direction. . It should be noted that in the grid-size notation used to represent the degree of discretization in FE-DQ method (for example 7×7×7), the first two digits refer to the number of elements along the x-and y-axis, respectively, and the third digit specifies the DQ grid-size along the z-axis. The poisson's ratio is taken as 0.3.
1 Comparison of the Results with Other Solution Methods
Using Ref. (Matsunaga, 2000) as the exact solution, effects of mesh density on the first three natural frequencies of square SSSS plates supported by elastic foundation are investigated in Fig. 4 Three-dimensional uniaxial-buckling behaviors of thick square plates with thicknesses ratios of 0.2 and 0.5 resting on two parameter elastic foundations are investigated in Table 1 . The results are represented for different elastic coefficients of Winkler and Pasternak. Several preliminary test examples with the FE-DQ method showed that good accuracy can be obtained with the mesh size of 9×9×7. Therefore, the 9×9×7 mesh-size is selected as a convenient mesh in this table. In Table 1, the   2×2  3×3  4×4  5×5  6×6  7×7  8×8 critical buckling loads given by FE-DQ method are compared with higher-order and Mindlin plate theories. It can be observed from the table that for thickness ratio of 0.2, the higher-order and Mindlin theories of the plate are exactly followed by results obtained from the FE-DQ method. However, in thickness ratio of 0.5 as expected the results follow only the higher-order theory of plate. Furthermore, it can be concluded from the table that for the thickness ratio of 0.5 and higher elastic coefficients the critical buckling loads remain unchanged. In Table 2 
, of the uniaxially compressed square SSSS plates.
( 0.3
Higher-order (Matsunaga, 2000) (Leissa, 1973) 2.2420 5.1016 8.0639 (Xiang et al., 1994) 2 (Leissa, 1973) 3.0221 5.4894 8.3146 (Xiang et al., 1994) 3 (Xiang et al., 1994) 3.7212 5.5844 7.7353
The first three natural frequency parameters for the flexural modes of thin and moderately thick SSSS square plates resting on Pasternak foundation   2 10 k  are compared in Table 3 . As mentioned previously, there is no additional assumption in the three-dimensional theory; consequently, it provides more realistic results. Furthermore, it should be considered that the numerical simulation of such a 3-D model has an expensive computational effort. So, the grid-size cannot be fine enough to achieve the desired precision and some differences are appeared between the obtained results and those of exact solution. Computational results for the first three out-of-plane natural frequency parameters of simply supported thick plates on Pasternak foundation   2 10 k  are listed in Table 4 . As shown, the results obtained for thickness to width ratio 0.5 (thick plate) can be appropriately followed by the proposed method. (Xiang et al., 1994) 3.9805 6.0078 8.2214 (Xiang et al., 1994) 2.2505 4.4344 7.2727 (Matsunaga, 2000) 2.2334 4.4056 7.2436 10 present 2.2481 4.3967 7.2649 (Xiang et al., 1994) 2.2722 4.4452 7.2792 (Matsunaga, 2000) 2 (Xiang et al., 1994) 2.4591 4.5409 7.3373 (Matsunaga, 2000) 2.4300 4.4986 7.2948 3 1 0 present 3.7080 5.2276 7.7544 (Xiang et al., 1994) 3.8567 5.4043 7.8938 (Matsunaga, 2000) 3 (Xiang et al., 1994) 10.076 10.644 12.067 (Matsunaga, 2000) 4.6127 7.2934 10.033 5 1 0 present 4.6065 7.2760 10.3053 (Xiang et al., 1994) 17.991 20.092 21.955 (Matsunaga, 2000) 4 (Matsunaga, 2000) 1.8451 2.8857 3.8927
Other Numerical Examples
The natural frequencies of plates partially supported on elastic foundation are investigated by the FE-DQ method in Tables 6 to 8 . In these tables, lx and ly are respectively the length and width of the part of the plate supported by the elastic foundation (Fig. 6) . on fundamental frequencies of thick SSSS plates partially supported on two-parameter elastic foundation are listed in Table 5 . The frequencies are calculated for different thickness ratios. As the elastic foundation area increase, the frequencies are found to be increasing slightly. Table 6 and Table 7 are also tabulated for fundamental frequencies of SCSC and CCCC plates, respectively. As expected, the CCCC plate has the highest-frequency parameter  , followed by the SCSC and SSSS plates. The critical buckling loads of uniaxially and biaxially compressed square plates with different thicknesses and boundary conditions partially supported on elastic foundation are presented in Tables  8 and 9 . It can be clearly concluded that an increase in the value of the elastic foundation area always increases the critical buckling load  . The CCCC plate has the highest-buckling load, followed by the SCSC and SSSS plates. 
Conclusion
A mixture of two conventional finite element and differential quadrature methods is used for threedimensional, buckling and free vibration analyses of plates partially resting on elastic foundations. The elastic foundation is described by the Pasternak (two-parameter) model. Mounted columns and single footings that partially occupy the rectangular plates can be considered as an applied example of problem studied here. The governing equations were obtained explicitly via the energy principle. Discretization of the problem at the in-plane (x-y plane) is made by using 2-D FEM through the weak formulation of the equations. DQ approximations have been implemented onto the strong form of the equations along the thickness to discretize the problem in the z direction. It should be noted that this mixed method deals with the three-dimensional theory of elasticity without any additional assumption about the kinematics of deformation of the plates. Various numerical examples were considered and solved with the mixed FE-DQ method. The obtained results have been compared with the other analytical and numerical solutions and the validity of the mixed method has been justified. Also, it can be concluded that the FE mesh-sizes have more influence in convergence than DQ nodal density. Using the ability of present mixed FE-DQ method for analyzing the problems with complicated boundary conditions, the dynamic response and stability of plates partially resting on elastic foundation is modeled. The effects of elastic foundation area   x y l l  on fundamental frequencies and critical buckling load of thick plates have investigated. As the elastic foundation area increase, the fundamental frequencies and critical buckling loads of the plates are found to be raised. The proposed method (FE-DQ) enjoys both the ability of FEM in modeling the complicated geometry and the simplicity and accuracy of DQM. The presented method can be extended to three-dimensional elasto-static and elasto-dynamic analysis of homogeneous, composite and functionally graded thick plates with complicated geometry with or without elastic foundation.
